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The First Sounds of Merging Black
Holes
Gravitational waves emitted by the merger of two black holes have been detected, setting the
course for a new era of observational astrophysics.

by Emanuele Berti⇤,†

For decades, scientists have hoped they could “lis-
ten in” on violent astrophysical events by detecting
their emission of gravitational waves. The waves,
which can be described as oscillating distortions in

the geometry of spacetime, were first predicted to exist by
Einstein in 1916, but they have never been observed di-
rectly. Now, in an extraordinary paper, scientists report that
they have detected the waves at the Laser Interferometer
Gravitational-wave Observatory (LIGO) [1]. From an analy-
sis of the signal, researchers from LIGO in the US, and their
collaborators from the Virgo interferometer in Italy, infer that
the gravitational waves were produced by the inspiral and
merger of two black holes (Fig. 1), each with a mass that is
more than 25 times greater than that of our Sun. Their find-
ing provides the first observational evidence that black hole
binary systems can form and merge in the Universe.

Gravitational waves are produced by moving masses, and
like electromagnetic waves, they travel at the speed of light.
As they travel, the waves squash and stretch spacetime in the
plane perpendicular to their direction of propagation (see
inset, Video 1). Detecting them, however, is exceptionally
hard because they induce very small distortions: even the
strongest gravitational waves from astrophysical events are
only expected to produce relative length variations of order
10�21.

“Advanced” LIGO, as the recently upgraded version of
the experiment is called, consists of two detectors, one in
Hanford, Washington, and one in Livingston, Louisiana.
Each detector is a Michelson interferometer, consisting of
two 4-km-long optical cavities, or “arms,” that are arranged
in an L shape. The interferometer is designed so that, in
the absence of gravitational waves, laser beams traveling in
the two arms arrive at a photodetector exactly 180� out of
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Figure 1: Numerical simulations of the gravitational waves emitted
by the inspiral and merger of two black holes. The colored
contours around each black hole represent the amplitude of the
gravitational radiation; the blue lines represent the orbits of the
black holes and the green arrows represent their spins. (C.
Henze/NASA Ames Research Center)

phase, yielding no signal. A gravitational wave propagat-
ing perpendicular to the detector plane disrupts this perfect
destructive interference. During its first half-cycle, the wave
will lengthen one arm and shorten the other; during its sec-
ond half-cycle, these changes are reversed (see Video 1).
These length variations alter the phase difference between
the laser beams, allowing optical power—a signal—to reach
the photodetector. With two such interferometers, LIGO can
rule out spurious signals (from, say, a local seismic wave)
that appear in one detector but not in the other.

LIGO’s sensitivity is exceptional: it can detect length dif-
ferences between the arms that are smaller than the size
of an atomic nucleus. The biggest challenge for LIGO is
detector noise, primarily from seismic waves, thermal mo-
tion, and photon shot noise. These disturbances can easily
mask the small signal expected from gravitational waves.
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はじめまして

新学術領域「重力波天体の多様な観測による宇宙物理学の新展開」 
(平成24-28年度) [代表: 中村卓史]  
A04班「重力波データ解析」 
↓ 
新学術領域「重力波物理学・天文学: 創世記」 
(平成29-33年度) [代表: 田中貴浩] 
B01班「中性子星連星合体」[代表: 田越秀行] 

東大宇宙線研 重力波観測研究施設

KAGRAデータ解析サブシステム(DAS) 
連星合体重力波のパラメータ推定担当
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内容
・コンパクト連星合体から放出される重力波 
・重力波データ解析：パラメータ推定 
・重力波を使った重力理論の検証 

- LIGO-Virgoの研究 
- 我々の研究：重力子振動の検証 

・将来展望：KAGRAの期待される寄与
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重力波
・アインシュタイン方程式を平坦な計量まわりで線形展開.
・時空のゆらぎが波動方程式に従う.
・光速度で伝搬する横波 
・振動の方向が45度ずれた２つの 
偏極成分を持つ.

重力波の生成
・波源の四重極モーメントが時間変化 
→重力波の生成 
例: コンパクト連星合体(CBC)

重力波の検出
・レーザー干渉計型重力波望遠鏡 
・理論波形: ポスト・ニュートニアン近似, 数値相対論, ブラックホール摂動 
・データ解析: マッチド・フィルタリング, MCMC

重力波の放射（復習？） 
! 平坦な背景時空 !"# に対する小さな摂動 h"#  

 
 

! アインシュタイン方程式（線形化） 
適当なゲージ（Transvers-Traceless (TT)ゲージ） 
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レーザー干渉計型重力波望遠鏡

http://www.nature.com/news/physics-wave-of-the-future-1.15561
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重力波望遠鏡ネットワーク

LIGO 
GEO Virgo 

TAMA 

AIGO 

KAGRA

http://www.nature.com/news/physics-wave-of-the-future-1.15561
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日本産の重力波望遠鏡!
「かぐら」 

　岐阜県飛騨市神岡町池の山にある、東京大学宇宙線研
究所・神岡宇宙素粒子研究施設には、１９８７年に、大
マゼラン銀河で発生した超新星爆発からのニュートリノ
を世界で初めて検出し、その業績により小柴昌俊先生が
ノーベル物理学賞を授与されたことで有名な、スーパー
カミオカンデ（純水の池）を筆頭に、様々な研究施設が
集まっています。スーパーカミオカンデは、東北大学の
カムランド実験装置とともに、ニュートリノ振動現象も
発見・確定しました。それはニュートリノに質量がある
事の証明となり、今までの常識を打ち破る大きな成果で
す。現在は、ニュートリノ検出装置だけでなはく、宇宙
の２２％ほどを構成することが判明した「暗黒物質」の

直接検出を目指した、XMASS 実験装置（ゼノンの池）
の建設も行われています。このように地下深くに潜るの
は、その山の岩盤を利用し、ニュートリノや暗黒物質の
検出に邪魔になる粒子を遮蔽する自然の能力を存分に生
かせるからです。地下環境には、このような粒子計測に
とっての利点だけでなく、地下地面振動が地表の百分の
一以下しかないという特性もあります。この特性はを生
かして、現在、東京大学地震研究所・京都大学防災研究
所・国立天文台などが推進する地殻ひずみ計・超電導重
力計（ヘリウムの池）による超高精度な地球測地がおこ
なわれています。この低振動環境は、重力波望遠鏡（光
の池）の感度向上・安定的な長期重力波観測運転にも最
適です。すでに基線長 100 メートルの重力波望遠鏡プ
ロトタイプ CLIO が設置されていますが、その立地のよ
さは証明され、現在私たちは、重力波の直接観測を目指
し、基線長 3キロメートルの大型重力波望遠鏡計画の
実現を推進しています。

池の山にある純水の池
ゼノンの池
ヘリウムの池
光の池

現在建設中 
2018年から本格的
に観測をはじめる。 

「かぐら」の特徴!
地下：地面振動を減らす。!
低温：熱雑音を減らす。 ICRR, NAOJ, KEK, etc.
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Prospects for Observing and Localizing GW Transients with aLIGO, AdV and KAGRA 7
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Fig. 2 The planned sensitivity evolution and observing runs of the aLIGO, AdV and KAGRA detectors
over the coming years. The colored bars show the observing runs, with the expected sensitivities given
by the data in Figure 1. There is significant uncertainty in the start and end times of the observing runs,
especially for those further in the future, and these could move forward or backwards by a few months
relative to what is shown above. The plan is summarised in Section 2.2.

2015 – 2016 (O1) A four-month run (12 September 2015 – 19 January 2016) with the195

two-detector H1L1 network at early aLIGO sensitivity (68 – 78 Mpc BNS range).196

This is now complete.197

2016 – 2017 (O2) A nine-month run with H1L1 and V1 joining in mid-June 2017. O2198

began on November 30th 2016 and is scheduled to end on August 25th 2017. The199

expected aLIGO range was 80 – 120 Mpc, and our experience to date leads us to200

expect the achieved range will be in the region of 60 – 100 Mpc; the expected AdV201

range was 20 – 65 Mpc, but we anticipate that it will not exceed 40 – 60 Mpc.202

2017 – 2018 (O3) A year-long run with H1L1 at 120 – 170 Mpc and with V1 at 65 –203

85 Mpc.204

2019+ Three-detector network with H1L1 at full sensitivity of 190 Mpc and V1 at205

65 – 115 Mpc.206

2024+ H1L1V1K1 network at full sensitivity (aLIGO at 190 Mpc, AdV at 125 Mpc207

and KAGRA at 140 Mpc). Including more detectors improves sky localization [61,208

62,63,64] as well as the fraction of coincident observational time; the addition of209

LIGO-India will further enhance the network. 2024 is the earliest time we imagine210

LIGO-India could be operational.211

This timeline is summarized in Figure 2; we do not include observing runs with212

LIGO-India yet, as these are still to be decided. The observational implications of this213

scenario are discussed in Section 4.214

重力波観測計画と予想感度

KAGRAはLIGO-3rd Observation run (O3)参加を目指す.
8

今



重力波望遠鏡の感度
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Figure 1: aLIGO (top left), AdV (top right) and KAGRA (bottom) target strain sensitivity as a
function of frequency. The binary neutron star (BNS) range, the average distance to which these
signals could be detected, is given in megaparsec. Current notions of the progression of sensitivity
are given for early, mid and late commissioning phases, as well as the final design sensitivity target
and the BNS-optimized sensitivity. While both dates and sensitivity curves are subject to change,
the overall progression represents our best current estimates.

neutron stars gives a matched filter signal-to-noise ratio (SNR) of 8 in a single detector [100].3 The99

BNS ranges for the various stages of the expected evolution are also provided in Figure 1.100

There are currently two operational aLIGO detectors. The original plan called for three identical101

4-km interferometers, two at Hanford (H1 and H2) and one at Livingston (L1). In 2011, the LIGO102

Lab and IndIGO consortium in India proposed installing one of the aLIGO Hanford detectors (H2)103

at a new observatory in India (LIGO-India) [115]. In early 2015, LIGO Laboratory placed the H2104

interferometer in long-term storage for use in India. The Government of India granted in-principle105

approval to LIGO-India in February 2016.106

The first observations with aLIGO have been made. O1 formally began 18 September 2015 and107

ended 12 January 2016; however, data from the surrounding engineering periods were of su�cient108

3 Another often quoted number is the BNS horizon – the distance at which an optimally oriented and located
BNS system would be observed with an SNR of 8. The horizon is a factor of 2.26 larger than the range [100, 15, 14].
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Class. Quantum Grav. 30 (2013) 123001 Topical Review

Figure 1. Schematic diagram of the evolution of compact binary coalescences. The frequency
of the emitted GW is indicated for the different stages. NS–NS inspirals are observable for a
few seconds to minutes. Upon the merger of the NSs, a binary with total mass Mbinary ! 3 M⊙
promptly collapses into a BH. For non-equal-mass binaries, the forming BH will be surrounded by
an accretion disc. NS–NS binaries with total mass MNS,max < Mbinary < 3 M⊙ (where MNS,max is
the mass limit of non-rotating NSs) form a hypermassive NS with strong differential rotation, which
assumes a non-axisymmetric ellipsoid shape. The hypermassive NS survives for milliseconds to a
second, eventually collapsing into a BH, potentially with an accretion disc. Very low mass NS–NS
binaries (Mbinary < MNS,max) can leave a stable NS behind. For BH–NS binaries, after an inspiral
phase observable for seconds to minutes, the NS either gets tidally disrupted (if tidal disruption at
radius Rtidal occurs before, the NS could reach the ISCO at RISCO) or it plunges into the BH (if
Rtidal < RISCO). Tidal disruption results in a BH with an accretion disc, while no accretion disc
forms upon plunge. This merger phase, along with the ringdown of the BH after plunge, lasts for
milliseconds.

system can (slightly) affect the orbital period (and therefore the gravitational waveform) in the
late inspiral phase [53–57]. Further, general relativistic spin–spin or spin–orbit coupling can
cause the binary’s orbital plane to precess, affecting the binary’s evolution and GW emission
[58–60].

Nevertheless, the dominant features of the GW signal from the inspiral phase are captured
by neglecting the spins and internal structure of the binary elements. As the objects spiral
together, their orbital frequency increases producing a GW signal that sweeps upward
in frequency. About ∼15 min before the merger, the GW from the inspiral of an NS–
NS binary begins to sweep upward from ∼10 Hz through the band of Earth-based GW
interferometers. The effective amplitude heff ≡ f |h̃( f )| of the GW signal from a binary system
decreases as heff ∝ f −1/6 [61], up to a mass-dependent cut-off frequency fcut ∼ 1 − 3 kHz
[62, 63, 61]. The frequency ranges !1 kHz and 1–3 kHz are traditionally considered the
inspiral and early-merger phases, respectively. For f ! fcut, the merger retains a binary-like
structure and consequently emits relatively strong GWs [61].

Advanced detectors will be able to detect an NS–NS inspiral up to Dh ∼ 450 Mpc, while
NS–BH inspirals will be detectable up to Dh ∼ 950 Mpc [46] (the distances are given for

4

連星中性子星合体から放出された重力波: GW170817

Figure 2. Timeline of the discovery of GW170817, GRB 170817A, SSS17a/AT 2017gfo, and the follow-up observations are shown by messenger and wavelength
relative to the time tc of the gravitational-wave event. Two types of information are shown for each band/messenger. First, the shaded dashes represent the times when
information was reported in a GCN Circular. The names of the relevant instruments, facilities, or observing teams are collected at the beginning of the row. Second,
representative observations (see Table 1) in each band are shown as solid circles with their areas approximately scaled by brightness; the solid lines indicate when the
source was detectable by at least one telescope. Magnification insets give a picture of the first detections in the gravitational-wave, gamma-ray, optical, X-ray, and
radio bands. They are respectively illustrated by the combined spectrogram of the signals received by LIGO-Hanford and LIGO-Livingston (see Section 2.1), the
Fermi-GBM and INTEGRAL/SPI-ACS lightcurves matched in time resolution and phase (see Section 2.2), 1 5×1 5 postage stamps extracted from the initial six
observations of SSS17a/AT 2017gfo and four early spectra taken with the SALT (at tc+1.2 days; Buckley et al. 2017; McCully et al. 2017b), ESO-NTT (at
tc+1.4 days; Smartt et al. 2017), the SOAR 4 m telescope (at tc+1.4 days; Nicholl et al. 2017d), and ESO-VLT-XShooter (at tc+2.4 days; Smartt et al. 2017) as
described in Section 2.3, and the first X-ray and radio detections of the same source by Chandra (see Section 3.3) and JVLA (see Section 3.4). In order to show
representative spectral energy distributions, each spectrum is normalized to its maximum and shifted arbitrarily along the linear y-axis (no absolute scale). The high
background in the SALT spectrum below 4500Å prevents the identification of spectral features in this band (for details McCully et al. 2017b).

4
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propagation time, the events have a combined signal-to-
noise ratio (SNR) of 24 [45].
Only the LIGO detectors were observing at the time of

GW150914. The Virgo detector was being upgraded,
and GEO 600, though not sufficiently sensitive to detect
this event, was operating but not in observational
mode. With only two detectors the source position is
primarily determined by the relative arrival time and
localized to an area of approximately 600 deg2 (90%
credible region) [39,46].
The basic features of GW150914 point to it being

produced by the coalescence of two black holes—i.e.,
their orbital inspiral and merger, and subsequent final black
hole ringdown. Over 0.2 s, the signal increases in frequency
and amplitude in about 8 cycles from 35 to 150 Hz, where
the amplitude reaches a maximum. The most plausible
explanation for this evolution is the inspiral of two orbiting
masses, m1 and m2, due to gravitational-wave emission. At
the lower frequencies, such evolution is characterized by
the chirp mass [11]

M ¼ ðm1m2Þ3=5

ðm1 þm2Þ1=5
¼ c3

G

!
5

96
π−8=3f−11=3 _f

"
3=5

;

where f and _f are the observed frequency and its time
derivative and G and c are the gravitational constant and
speed of light. Estimating f and _f from the data in Fig. 1,
we obtain a chirp mass of M≃ 30M⊙, implying that the
total mass M ¼ m1 þm2 is ≳70M⊙ in the detector frame.
This bounds the sum of the Schwarzschild radii of the
binary components to 2GM=c2 ≳ 210 km. To reach an
orbital frequency of 75 Hz (half the gravitational-wave
frequency) the objects must have been very close and very
compact; equal Newtonian point masses orbiting at this
frequency would be only ≃350 km apart. A pair of
neutron stars, while compact, would not have the required
mass, while a black hole neutron star binary with the
deduced chirp mass would have a very large total mass,
and would thus merge at much lower frequency. This
leaves black holes as the only known objects compact
enough to reach an orbital frequency of 75 Hz without
contact. Furthermore, the decay of the waveform after it
peaks is consistent with the damped oscillations of a black
hole relaxing to a final stationary Kerr configuration.
Below, we present a general-relativistic analysis of
GW150914; Fig. 2 shows the calculated waveform using
the resulting source parameters.

III. DETECTORS

Gravitational-wave astronomy exploits multiple, widely
separated detectors to distinguish gravitational waves from
local instrumental and environmental noise, to provide
source sky localization, and to measure wave polarizations.
The LIGO sites each operate a single Advanced LIGO

detector [33], a modified Michelson interferometer (see
Fig. 3) that measures gravitational-wave strain as a differ-
ence in length of its orthogonal arms. Each arm is formed
by two mirrors, acting as test masses, separated by
Lx ¼ Ly ¼ L ¼ 4 km. A passing gravitational wave effec-
tively alters the arm lengths such that the measured
difference is ΔLðtÞ ¼ δLx − δLy ¼ hðtÞL, where h is the
gravitational-wave strain amplitude projected onto the
detector. This differential length variation alters the phase
difference between the two light fields returning to the
beam splitter, transmitting an optical signal proportional to
the gravitational-wave strain to the output photodetector.
To achieve sufficient sensitivity to measure gravitational

waves, the detectors include several enhancements to the
basic Michelson interferometer. First, each arm contains a
resonant optical cavity, formed by its two test mass mirrors,
that multiplies the effect of a gravitational wave on the light
phase by a factor of 300 [48]. Second, a partially trans-
missive power-recycling mirror at the input provides addi-
tional resonant buildup of the laser light in the interferometer
as a whole [49,50]: 20Wof laser input is increased to 700W
incident on the beam splitter, which is further increased to
100 kW circulating in each arm cavity. Third, a partially
transmissive signal-recycling mirror at the output optimizes

FIG. 2. Top: Estimated gravitational-wave strain amplitude
from GW150914 projected onto H1. This shows the full
bandwidth of the waveforms, without the filtering used for Fig. 1.
The inset images show numerical relativity models of the black
hole horizons as the black holes coalesce. Bottom: The Keplerian
effective black hole separation in units of Schwarzschild radii
(RS ¼ 2GM=c2) and the effective relative velocity given by the
post-Newtonian parameter v=c ¼ ðGMπf=c3Þ1=3, where f is the
gravitational-wave frequency calculated with numerical relativity
and M is the total mass (value from Table I).

PRL 116, 061102 (2016) P HY S I CA L R EV I EW LE T T ER S week ending
12 FEBRUARY 2016

061102-3

time

コンパクト連星合体から放出される重力波波形
インスパイラル 　合体　　リング 

ダウン

ポスト・ニュートニアン近似 数値相対論ブラックホール 
摂動
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2

main is given as 1

h̃(f) = h̃GR(f) · (1 + αppEu
appE) exp[iβppEu

bppE ] , (1)

where the GR component h̃GR(f) = A(f)eiΦ(f) corrected
by ppE amplitude and phase functions with free param-

eters (αppE, appE,βppE, bppE). Here the amplitude A(f)
(up to Newtonian order) and the phase function Φ(f) (up
to 3.5PN order) are given as

A(f) =

√
5π

24

M2

DL
u−7/2, (2)

Φ(f) :=2πftc − Φc −
π

4
+

3

128
u−5

{
1 +

(
3715

756
+

55

9
η

)
η−2/5u2 − 16πη−3/5u3

+

(
15 293 365

508 032
+

27 145

504
η +

3085

72
η2
)
η−4/5u4 +

(
38 645

756
− 65

9
η

)[
1 + ln

(
y

yISCO

)]
πη−1u5

+

[
11 583 231 236 531

4 694 215 680
− 640

3
π2 − 6848

21
γE − 6848

63
ln(64η−3/5u3)

+

(
−15 737 765 635

3 048 192
+
2255

12
π2

)
η +

76 055

1728
η2 − 127 825

1296
η3
]
η−6/5u6

+

(
77 096 675

254 016
+

378 515

1512
η − 74 045

756
η2
)
πη−7/5u7

}
, (3)

where the inspiral reduced frequency u := (πMf)1/3,
M ≡ (m1m2)3/5/(m1 + m2)1/5 is the chirp mass, η =
m1m2/(m1 +m2)2 is the symmetric mass ratio, tc is the
coalescence time and Φc is the phase at the coalescence.
γE = 0.577 216 . . . is the Euler constant. DL is the lumi-
nosity distance to the source. 2 In the above waveform,
we can take the following five parameters as independent
parameters for GR, θGR = {DL,m1, m2, tc, Φc}. On
the other hand, there are eight independent parameters
for the ppE, θppE = {logα, a, log β, b, θGR}. 3

We consider four non-GR models:

• Model 1. A ppE waveform with a single ppE phase
term, with α = 0 and (β, b).

• Model 2. A ppE waveform with a single ppE am-
plitude term, with (α, a) and β = 0.

• Model 3. A ppE waveform with two ppE phase
terms (b = −3 and b = −2), with β−3 and β−2.

• Model 4. A ppE waveform with a single ppE phase
term (b = −3) and a single ppE amplitude term
(a = −3), with β−3 and α−3.

Figure 1 shows the frequency-domain gravitational
waveform in the ppE model 2 for BNS with 1.4− 1.4M⊙
and DL = 200 Mpc. Curves are for different sets of

1 For simplicity, we assume a signal from a face-on binary system
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(α, a) at fixed β = 0. Curves in Figure. 1 are for (a) GR
[solid (black)] and for the ppE model 2 with (α, a) = (b)
(10, 1) [solid (red)], and (c) (−1.5, 0) [solid (blue)], re-
spectively. We find that the waveforms of the ppE model
2 are significantly different from those of GR.

Figure 2 shows the frequency-domain gravitational
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4 with (α, β) = (b) (0.0005, 0.01) [solid (red)], and (c)
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III. ANALYSIS METHODS FOR TESTING
MODIFIED GRAVITY THEORY

In this section, we briefly review the analysis meth-
ods to judge the detectability of the deviations from GR
waveforms. Vallisneri [21] has proposed a model compar-
ison analysis of simple MG, and derived a formula that
characterize the possibility to detect the effects of MG
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where Sn(f) is the one-sided noise power spectrum den-
sity of a detector.

The limits of integration fmin and fmax are taken to
be fmin = flow and fmax = fISCO where flow is the lower

u=(πMcf)1/3

2

main is given as 1

h̃(f) = h̃GR(f) · (1 + αppEu
appE) exp[iβppEu

bppE ] , (1)

where the GR component h̃GR(f) = A(f)eiΦ(f) corrected
by ppE amplitude and phase functions with free param-

eters (αppE, appE,βppE, bppE). Here the amplitude A(f)
(up to Newtonian order) and the phase function Φ(f) (up
to 3.5PN order) are given as

A(f) =

√
5π

24

M2

DL
u−7/2, (2)

Φ(f) :=2πftc − Φc −
π

4
+

3

128
u−5

{
1 +

(
3715

756
+

55

9
η

)
η−2/5u2 − 16πη−3/5u3

+

(
15 293 365

508 032
+

27 145

504
η +

3085

72
η2
)
η−4/5u4 +

(
38 645

756
− 65

9
η

)[
1 + ln

(
y

yISCO

)]
πη−1u5

+

[
11 583 231 236 531

4 694 215 680
− 640

3
π2 − 6848

21
γE − 6848

63
ln(64η−3/5u3)

+

(
−15 737 765 635

3 048 192
+
2255

12
π2

)
η +

76 055

1728
η2 − 127 825

1296
η3
]
η−6/5u6

+

(
77 096 675

254 016
+

378 515

1512
η − 74 045

756
η2
)
πη−7/5u7

}
, (3)

where the inspiral reduced frequency u := (πMf)1/3,
M ≡ (m1m2)3/5/(m1 + m2)1/5 is the chirp mass, η =
m1m2/(m1 +m2)2 is the symmetric mass ratio, tc is the
coalescence time and Φc is the phase at the coalescence.
γE = 0.577 216 . . . is the Euler constant. DL is the lumi-
nosity distance to the source. 2 In the above waveform,
we can take the following five parameters as independent
parameters for GR, θGR = {DL,m1, m2, tc, Φc}. On
the other hand, there are eight independent parameters
for the ppE, θppE = {logα, a, log β, b, θGR}. 3

We consider four non-GR models:

• Model 1. A ppE waveform with a single ppE phase
term, with α = 0 and (β, b).

• Model 2. A ppE waveform with a single ppE am-
plitude term, with (α, a) and β = 0.

• Model 3. A ppE waveform with two ppE phase
terms (b = −3 and b = −2), with β−3 and β−2.

• Model 4. A ppE waveform with a single ppE phase
term (b = −3) and a single ppE amplitude term
(a = −3), with β−3 and α−3.

Figure 1 shows the frequency-domain gravitational
waveform in the ppE model 2 for BNS with 1.4− 1.4M⊙
and DL = 200 Mpc. Curves are for different sets of

1 For simplicity, we assume a signal from a face-on binary system
at the zenith.

2 The phase shifts are not integer powers of post-Newtonian (PN)
expansion parameter y.

3 For simplicity, we assume α and β are not dependent of binary
masses.

(α, a) at fixed β = 0. Curves in Figure. 1 are for (a) GR
[solid (black)] and for the ppE model 2 with (α, a) = (b)
(10, 1) [solid (red)], and (c) (−1.5, 0) [solid (blue)], re-
spectively. We find that the waveforms of the ppE model
2 are significantly different from those of GR.

Figure 2 shows the frequency-domain gravitational
waveform in the ppE model 4 for BNS with 1.4− 1.4M⊙
and DL = 200 Mpc. Curves are for different sets of
(α−3, β−3) at fixed (a, b) = (−3, − 3). Curves in Fig-
ure. 2 are for (a) GR [solid (black)] and for the ppE model
4 with (α, β) = (b) (0.0005, 0.01) [solid (red)], and (c)
(−0.0002, 0.01) [solid (blue)], respectively. We find that
the waveforms of the ppE model 4 are significantly dif-
ferent from those of GR.

III. ANALYSIS METHODS FOR TESTING
MODIFIED GRAVITY THEORY

In this section, we briefly review the analysis meth-
ods to judge the detectability of the deviations from GR
waveforms. Vallisneri [21] has proposed a model compar-
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II. GW

the energy balance law

Ėb = −LGW (2)

where the orbital binding energy Ėb and the GW luminosity LGW.
The main observable for GW observation with the laser-interferometer is the response function, which describes

how a GW laser-interferometer reacts to an input GW. Here we focus on the quasicircular inspiral phase of GWs
from CCB systems. The Fourier transform of the response function in the stationary-phase approximation [? ] in
GR is simply h̃GR = F+h̃GR

+ + F×h̃GR
× , where F+, × are beam-pattern functions, and h̃GR

+, × are the plus and cross
GW polarizations1. This is the restricted inspiral waveform, which is given as

h̃GR = AGRe
iΨGR , (3)

where the amplitude AGR (up to Newtonian order) and the phase function ΨGR are given as a function of the inspiral
reduced frequency u := (πMf)1/3,

AGR = AM5/6

DL
u−7/2, (4)

and

ΨGR =2πftc − Φc +
7∑

k=0

[
ψk + ψlog

k log(u)
]
uk−5, (5)

where A is the constant determined by the sky location, the coefficients ψk and ψlog
k depend on the component masses

m1, m2 in GR. For simplicity, we consider nonspinning binaries. The chirp mass M := (m1m2)3/5/(m1+m2)1/5, the
symmetric mass ratio η = m1m2/(m1 +m2)2, the luminosity distance to the source DL, the coalescence time tc, the
phase at the coalescence Φc, and the GW frequency f ,

h̃ = h̃GR [1 + αiu
ai ] exp[iβju

bj ]

u := (πMf)1/3,

Matched filter

ρ = (d, ĥ) = 2

∫ ∞

−∞
df

d̃(f)ĥ∗(f)

Sn(f)
(6)

1 For simplicity, we do not consider additional polarizations, which are discussed in the context of the extended ppE framework in [? ].
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II. GW

the energy balance law

Ėb = −LGW (2)

where the orbital binding energy Ėb and the GW luminosity LGW.
The main observable for GW observation with the laser-interferometer is the response function, which describes

how a GW laser-interferometer reacts to an input GW. Here we focus on the quasicircular inspiral phase of GWs
from CCB systems. The Fourier transform of the response function in the stationary-phase approximation [? ] in
GR is simply h̃GR = F+h̃GR
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× , where F+, × are beam-pattern functions, and h̃GR
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h̃GR = AGRe
iΨGR , (3)
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where A is the constant determined by the sky location, the coefficients ψk and ψlog
k depend on the component masses

m1, m2 in GR. For simplicity, we consider nonspinning binaries. The chirp mass M := (m1m2)3/5/(m1+m2)1/5, the
symmetric mass ratio η = m1m2/(m1 +m2)2, the luminosity distance to the source DL, the coalescence time tc, the
phase at the coalescence Φc, and the GW frequency f ,
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ai ] exp[iβju
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ρ = (s, ĥ) = 2
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O ≡ P (MG|s)
P (GR|s) =
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, (7)
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1 For simplicity, we do not consider additional polarizations, which are discussed in the context of the extended ppE framework in [? ].
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重力波のベイズ的パラメータ推定

ベイズの定理

H: 仮説, {d}: データセット, θ: パラメータ

事後分布

事前分布

V. STATISITICS

Matched filter

ρ = (s, ĥ) = 2

∫ ∞

−∞
df

s̃(f)ĥ∗(f)

Sn(f)
(10)

O ≡ P (MG|s)
P (GR|s) =

P (MG)

P (GR)

P (s|MG)

P (s|GR)
, (11)

Bayes’ theorem

p(ϑ⃗|d⃗) ∝ L(d⃗|ϑ⃗)p(ϑ⃗) (12)

p(θ⃗|{d}, H) =
p(θ⃗|H)p({d}|θ⃗, H)

P ({d}|H)
(13)

O ∝ eSNR2(1−FF) (14)

data=noise+measured strain

dk(t) = nk(t) + hM
k (t; ϑ⃗) (15)

model the effect of calibration uncertainty

h̃M
k (f ; ϑ⃗) = h̃k(f ; ϑ⃗)

[
1 + δAk(f ; ϑ⃗)

]
exp

[
iδφk(f ; ϑ⃗)

]
(16)

VI. SKY LOCALIZATION

|Ω∂θτ | ≤ |∂θ logF+,×| (17)

VII. MODE-DECOMPOSING MATCHED-FILTERING SEARCH

(s|h) → (s+|h+) + (s×|h×) + (sb|hb) + (sl|hl) + (ssn|hsn) + (sse|hse) (18)

VIII. OPTIMAL SNR

Optimal SNR which Yuzurin calculated:

ρopt = Gc−3/2M
5/6

dπ2/3

(
5η

6

)1/2
[∫ fmax

fmin

df
f−7/3

Sn(f)

]1/2
(19)

尤度関数

as well as more stringent tests of the underlying source
dynamics [28,29].

Most of these studies use theoretical estimates of
parameter uncertainty based on the Cramer-Rao bound
[30], which should be valid in the limit of high signal-to-
noise ratio (SNR). Initial detections may be too weak for
this bound to provide useful guidance. Therefore, a com-
plete Bayesian analysis like the one described below must
be used to quantify parameter uncertainties. Other studies
have relied on injections into synthetic data. In this paper,
we will use injections into real data, which introduces a
new set of challenges, including non-Gaussianity and
nonstationarity.

The fact that gravitational waveforms used in the analy-
sis are an approximation to the actual radiation produced by
astrophysical sources and that the measured strain is af-
fected by the uncertainties in the instrument calibration
[31–33] represent additional challenges for making robust
inferences on the underlying physics. To study parameter
estimation in this regime, we have analyzed several artifi-
cial compact binary coalescence (CBC) signals added to
real detector data, including the ‘‘blind’’ injection
described above, added both in hardware and software to
the data collected by the two LIGO instruments (Hanford
and Livingston) and the Virgo detector during the most
recent joint science run, S6/VSR2-3. The use of injections
has been, and continues to be, an essential means to
validate the detection process, and as we report here, has
been naturally extended to the source-characterization
stage of the analysis. Here we exemplify the ability to
extract information about the source physics on a selected
number of injections that cover the neutron-star and black-
hole parameter space over the component mass range
1M!–25M! and the full range of spin parameters. We
consider a spectrum of realistic signal strengths, from
candidates observed close to the detection threshold to
high-SNR events, and various relative strengths across the
instruments of the network. We analyze the signals using a
range of waveform models that demonstrate the interplay
between (some) systematic bias and statistical uncertainty.
To help validate our results, we carry out the analysis with
several independent techniques; these are implemented
within a specially developed software package part of the
LSC Algorithm Library, LALINFERENCE [34].

The paper is organized as follows. In Sec. II we give a
brief overview of the analysis method. While no detections
were claimed in Ref. [7], simulated signals (‘‘injections’’)
were added to the data, both at a hardware level as the data
was being taken and in software afterwards. The hardware
injections were performed to validate the end-to-end
analysis, including parameter estimation on detection
candidates, whereas the injections in software serve as a
useful comparison, free of any calibration error in the
detectors. Here we report on the analysis using six hard-
ware and software injections, including waveform models

for binary neutron star (BNS), neutron star–black hole
binary (NSBH) and binary black-hole BBH) simulations,
described in Sec. III. One of these hardware injections was
performed without the knowledge of the data analysis
teams as part of the ‘‘blind injection challenge’’; it was
successfully detected, as reported in Ref. [7]. We use these
injections to illustrate the possible implications for GW
astronomy in Sec. IV, and we conclude in Sec. V.

II. ANALYSIS

A. Bayesian inference

Each data segment containing an injected signal was
analyzed using a Bayesian parameter estimation pipeline
to calculate the probability density function (PDF) of
the unknown parameters of the waveform model. We will

call ~! the vector containing these parameters. The actual

content and dimension of ~!, i.e. the dimensionality of the
parameter space, depend on the waveform model used for
the analysis (see Sec. II B).

The posterior distribution of ~! given a model H is given
by Bayes’ theorem,

pð ~!jfdg; HÞ ¼ pð ~!jHÞpðfdgj ~!; HÞ
PðfdgjHÞ ; (1)

where pð ~!jHÞ is the prior distribution of ~!, describing
knowledge about the parameters within a model H before

the data is analyzed, and pðfdgj ~!; HÞ is the likelihood
function, denoting the probability under model H of

obtaining the data set fdg for a given parameter set ~!.
The likelihood is a function of the noise-weighted resid-
uals after subtracting the model from the data, and is
thus a direct measure of the goodness of fit of the model
to the data.
The optimal network SNR is defined as

SNR ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX

det

Z fHigh

fLow

jsdetðf; ~!Þj2
SdetðfÞ

df

s
; (2)

where the sum is taken over each detector det with sdet the
signal in that detector and SdetðfÞ its noise power spectral
density (PSD).
Our model for the likelihood function is based on the

assumption that the noise is stationary and Gaussian, and
uncorrelated in different frequency bins. Although we do
not expect this assumption to be precisely true for real
detector noise, limited investigations suggest that this is
an acceptable approximation when the data is of good
quality [35].
The denominator of Eq. (1), PðfdgjHÞ % ZH, is the

evidence for the model H. As it is a normalization
constant, the evidence does not affect the estimation of
the parameters for a particular model H, but it does
allow us to compare the ability of different models to
describe the data. The Bayes factor between two models,
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パラメータ推定結果

following section and are consistent with our expect-
ations for an astrophysical BBH source. The inferred
component masses of LVT151012 lie roughly between
the masses of GW150914 and GW151226, as shown
in Fig. 4.

IV. SOURCE PROPERTIES

In this section, we present the inferred properties of the
sources of GW150914, LVT151012, and GW151226,
assuming that the signals each originate from a binary
coalescence as described by general relativity. Tests of the
consistency of the signal with the predictions of general
relativity are presented in Sec. V. Full results for
GW150914 have been provided in Refs. [39,40], and
key results for LVT151012 have been given in
Ref. [44]. Here, we give results based upon an updated
calibration of the data. The analyses of all three signals

closely mirror the original analysis of GW150914, as
detailed in Ref. [39] and described in Appendix B.
The analysis makes use of two waveform models, the

double aligned spin waveform model (EOBNR) [8,9] and
an effective precessing spin model (IMRPhenom) [36–38].
Results from the two waveforms are similar, and the data
give us little reason to prefer one model over the other. We
therefore average the posterior distributions from two
waveforms for our overall results. These are used for the
discussion below, except in Sec. IV B, where we also
consider measurements of spin alignment from the pre-
cessing IMRPhenom waveform.
The results match our expectations for a coherent

signal in both detectors and give us no reason to suspect
that any of the signals are not of astrophysical origin. All
three signals are consistent with originating from BBHs.
Key parameters for the three events are included in
Table I and plotted in Figs. 4,5, and 6. Detailed results
are provided in Table IV in Appendix B.

FIG. 4. Posterior probability densities of the masses, spins, and distance to the three events GW150914, LVT151012, and GW151226.
For the two-dimensional distributions, the contours show 50% and 90% credible regions. Top left panel: Component massesmsource

1 and
msource

2 for the three events. We use the convention that msource
1 ≥ msource

2 , which produces the sharp cut in the two-dimensional
distribution. For GW151226 and LVT151012, the contours follow lines of constant chirp mass (Msource ¼ 8.9þ0.3

−0.3M⊙ and
Msource ¼ 15:1þ1.4

−1.1M⊙, respectively). In all three cases, both masses are consistent with being black holes. Top right panel: The
mass and dimensionless spin magnitude of the final black holes. Bottom left panel: The effective spin and mass ratios of the binary
components. Bottom right panel: The luminosity distance to the three events.

B. P. ABBOTT et al. PHYS. REV. X 6, 041015 (2016)
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パラメータ推定結果

A. Masses

The binary component masses of all three systems lie
within the range expected for stellar-mass black holes. The
least massive black hole is the secondary of GW151226,
which has a 90% credible lower bound that msource

2 ≥
5.6M⊙. This is above the expected maximum neutron star
mass of about 3M⊙ [80,81] and beyond the mass
gap where there is currently a dearth of black holes
observed in x-ray binaries [82–84]. The range of our
inferred component masses overlaps with those for stellar-
mass black holes measured through x-ray observations but
extends beyond the nearly 16M⊙ maximum of that
population [85–87].
GW150914 corresponds to the heaviest BBH system

(Msource ¼ 65.3þ4.1
−3.4M⊙) we observed, and GW151226

corresponds to the least massive (Msource ¼ 21.8þ5.9
−1.7M⊙).

Higher mass systems merge at a lower gravitational-wave
frequency. For lower-mass systems, the gravitational-wave

signal is dominated by the inspiral of the binary compo-
nents, whereas for higher-mass systems, the merger and
ringdown parts of the signal are increasingly important.
The transition from being inspiral dominated to being
merger and ringdown dominated depends upon the sensi-
tivity of the detector network as a function of frequency;
GW150914 had SNR approximately equally split between
the inspiral and post-inspiral phases [41]. Information
about the masses is encoded in different ways in the
different parts of the waveform: The inspiral predominantly
constrains the chirp mass [70,88,89], and the ringdown is
more sensitive to the total mass [90]; hence, the best-
measured parameters depend upon the mass [91–93]. This
is illustrated in the posterior probability distributions for the
three events in Fig. 4. For the lower-mass GW151226 and
LVT151012, the posterior distribution follows curves of
constant chirp mass, but for GW150914, the posterior is
shaped more by constraints on the total mass [94].

FIG. 5. Posterior probability distributions for the dimensionless component spins cS1=ðGm2
1Þ and cS2=ðGm2

2Þ relative to the normal to
the orbital plane L, marginalized over the azimuthal angles. The bins are constructed linearly in spin magnitude and the cosine of the tilt
angles, and therefore have equal prior probability. The left plot shows the distribution for GW150914, the middle plot is for LVT151012,
and the right plot is for GW151226.

FIG. 6. Posterior probability distributions for the sky locations of GW150914, LVT151012, and GW151226 shown in a Mollweide
projection. The left plot shows the probable position of the source in equatorial coordinates (right ascension is measured in hours and
declination is measured in degrees). The right plot shows the localization with respect to the Earth at the time of detection. Hþ and Lþ
mark the Hanford and Livingston sites, and H− and L− indicate antipodal points; H-L and L-H mark the poles of the line connecting the
two detectors (the points of maximal time delay). The sky localization forms part of an annulus, set by the difference in arrival times
between the detectors.
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連星の質量やスピンは, 連星の形成や起源において重要. 
しかし, それらの推定は事前分布に敏感で難しい.  
波形が不完全であることや事前分布の設定が不適切であることが原因. 
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ベイズ的モデル選択
どちらのモデルがデータをより良く描写しているか?

仮説のエビデンスの比

“confidence” levels of BXY

position in the parameter space ~y. This new position is
determined by drawing from some proposal distribution
q! ~xj ~y". The choice of whether or not to adopt the new
position ~y is made by calculating the Hastings ratio (tran-
sition probability)

 ! # min
!
1;
p! ~y"p!sj ~y"q! ~yj ~x"
p! ~x"p!sj ~x"q! ~xj ~y"

"
(9)

and comparing ! to a random number " taken from a
uniform draw in the interval [0:1]. If ! exceeds " then the
chain adopts ~y as the new position. This process is repeated
until some convergence criterion is satisfied. The MCMC
differs from a Metropolis extremization by forbidding
proposal distributions that depend on the past history of
the chain. This ensures that the progress of the chain is
Markovian and therefore statistically unbiased. Once the
chain has stabilized in the neighborhood of the best fit
parameters all previous steps of the chain are excluded
from the statistical analysis (these early steps are referred
to as the ‘‘burn in’’ phase of the chain) and henceforth the
number of iterations the chain spends at different parame-
ter values can be used to infer the PDF.

The power of the MCMC is twofold: Because the algo-
rithm has a finite probability of moving away from a
favorable location in the parameter space it can avoid
getting trapped by local features of the likelihood surface.
Meanwhile, the absence of any ‘‘memory’’ within the
chain of past parameter values allows the algorithm to
blindly, statistically, explore the region in the neighbor-
hood of the global maximum. It is then rigorously proven
that an MCMC will (eventually) perfectly map out the
PDF, completely removing the need for user input to
determine parameter uncertainties or thresholds.

The parameter vector that maximizes the posterior dis-
tribution is stored as the maximum a posteriori (MAP)
value and is considered to be the best estimate of the source
parameters. Note that because of the prior weighting in the
definition of the PDF this is not necessarily the ~# that
yields the greatest likelihood. Upon obtaining the MAP
value for a particular model X the PDF, now written as
p!#; ~Xjs", can be employed to solve the model selection
problem.

II. BAYES FACTOR ESTIMATES

The Bayes factor BXY [15] is a comparison of the
evidence for two competing models, X and Y, where

 pX!s" #
Z

d ~#p! ~#; Xjs" (10)

is the marginal likelihood, or evidence, for model X. The
Bayes factor can then be calculated by

 BXY!s" #
pX!s"
pY!s"

: (11)

The Bayes factor has been described as the holy grail of
model selection: It is a powerful entity that is very difficult
to find. The quantity BXY can be thought of as the odds ratio
for a preference of model X over model Y (see Table I).
Apart from carefully concocted toy problems, direct cal-
culation of the evidence, and therefore BXY , is impractical.
To determine BXY the integral required to compute pX
cannot generally be solved analytically and for high di-
mension models Monte-Carlo integration proves to be
inefficient. To employ this powerful statistical tool various
estimates for the Bayes factor have been developed that
have different levels of accuracy and computational cost
[1,2]. We have chosen to focus on four such methods:
reverse jump Markov chain Monte Carlo and Savage-
Dickie density ratios, which directly estimate the Bayes
factor, and the Schwarz-Bayes information criterion (BIC)
and Laplace approximations of the model evidence.

A. RJMCMC

Reverse jump Markov chain Monte Carlo (RJMCMC)
algorithms are a class of MCMC algorithms which admit
‘‘transdimensional’’ moves between models of different
dimension [3,16,17]. For the transdimensional implemen-
tation applicable to the LISA data analysis problem the
choice of model parameters becomes one of the search
parameters. The algorithm proposes parameter ‘‘birth’’ or
‘‘death’’ moves [proposing to include or discard the ‘‘ex-
tra’’ parameter(s)] while holding all other parameters fixed.
The priors in the RJMCMC Hastings ratio

 ! # min
!
1;
p! ~#Y"p!sj ~#Y"g! ~uY"
p! ~#X"p!sj ~#X"g! ~uX"

jJj
"

(12)

automatically penalizes the posterior density of the higher
dimensional model, which compensates for its generically
higher likelihood, serving as a built-in ‘‘Occam Factor.’’
The g! ~u" which appears in (12) is the distribution from
which the random numbers ~u are drawn and jJj is the
Jacobian

 jJj $
########
@! ~#Y; ~uY"
@! ~#X; ~uX"

########: (13)

The chain will tend to spend more iterations using the
model most appropriately describing the data, making the

TABLE I. BXY ‘‘confidence’’ levels taken from [1].

BXY 2 logBXY Evidence for model X
 < 1 <0 Negative (supports model Y)

1 to 3 0 to 2 Not worth more than a bare mention
3 to 12 2 to 5 Positive
12 to 150 5 to 10 Strong
>150 >10 Very Strong

TESTS OF BAYESIAN MODEL SELECTION TECHNIQUES . . . PHYSICAL REVIEW D 76, 083006 (2007)
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ベイズ因子

BMG,GR =
ZMG

ZGR

ベイズ因子の値が大きいほど, そのモデルがより強く好まれる.

}興味
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・GRはこれまですべての検証をパスしてきた. 
しかし, GRは「The 重力理論」なのか?

・GRは完璧ではない.

The 重力理論

・ブラックホール特異点 ← 非物理的! 
・力の統一, 重力の量子化 
・宇宙の加速膨張 → ダークエネルギー or 重力の修正?

68%

27%

5%

Dark Energy

Dark Matter

Cosmic Pie Chart, Planck, 2014

Ordinary matter
・「The 重力理論」へのヒント

・理論：構築して安定性チェック. 
・観測：GRの破れを探す.  
GRで説明できない現象を探す.
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where η ¼ m1m2=m2 is the symmetric mass ratio. For a
binary system, this quantity is exactly the same as Φ= _Φ and
(up to factors of order unity)R= _R. Thus, T is a measure of
how long it takes the system, and in particular the
gravitational field and the curvature, to change appreciably.
GW150914 and GW151226 land in the top left region of
the left panel of Fig. 3, at least 4 orders of magnitude away
from the double binary pulsar. The Shapiro time delay and
Cassini observation do not appear in this figure, as they do
not sample the dynamical sector of GR. For the GWevents,
how rapidly the curvature and the potential sweep through
the detector’s sensitivity band is shown on the right panel
of Fig. 3.

B. GW model in GR and outside GR

1. IMRPhenom model in GR

The LVC employed two main waveform models (both
calculated within GR) to reconstruct the signal [4,134].
One of these, the so-called IMRPhenom model [89–93],
was heavily used to validate GR in [5,19]. In particular,
the LVC employed the most recent IMRPhenom model
(PhenomPv2), which is a modified version of PhenomD
[92,93] that includes precession by rotating a spin-aligned
waveform to a precessing frame [135]. In this paper, we

will use the PhenomD model and ignore precession
effects.9 The differences in the constraints on non-GR
effects obtained with an older version of the IMRPhenom
model (PhenomB [90]) and PhenomD waveforms are
discussed in Appendix A. This Appendix also provides
a rough estimate of the impact of mismodeling error in tests
of GR, showing that this error does not affect tests for the
modified gravity effects considered here using events
GW150914 and GW151226.
Let us then briefly summarize the PhenomD model of

[93]. This phenomenological approach models the Fourier
transform of the response function as a piecewise function
with three distinct pieces or phases, where each phase i
takes the following form:

~hiðfÞ ¼ AiðfÞeiΦiðfÞ: ð1Þ

The three phases that are distinguished are the inspiral, an
intermediate phase and the merger-ringdown phase. In the
inspiral phase, the waveform is modeled as follows. The
amplitude is treated in PN theory, including terms up to
3PN order that are known analytically, and higher-order
functionals (up to 4.5PN order) fitted to numerical simu-
lations. In particular, the early-inspiral part of the phase is
simply given by
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FIG. 2. Schematic diagram of the curvature-potential phase
space sampled by various experiments that test GR. The vertical
axis shows the inverse of the characteristic curvature length scale,
while the horizontal axis shows the characteristic gravitational
potential, based on Table II. GW150914 and GW151226 sample
a regime where the curvature and the potential are both simulta-
neously large and dynamical, indicated here by the finite range
the curves sweep in the figure. The finite area of pulsar timing
arrays is due to the range in the GW frequency and the total mass
of supermassive BH binaries that such arrays may detect in the
future. Figure 3 is a companion plot that illustrates the dynamical
aspects of gravity probed by these experiments; the lighter (blue)
dots here are to indicate that the Shapiro time delay from binary
pulsars and the Cassini satellite do not give information on the
dynamical regime.

TABLE II. The characteristic mass and length scale chosen to
compute the characteristic curvature and potential in Fig. 2. For
GW150914, GW151226 and pulsar timing arrays, we extract the
length scale from the observed frequency via L ¼ ½M=ðπfÞ2%1=3,
where for the former two we choose f ¼ 20 Hz up to contact,
while for the latter we choose f ¼ 3 × 10−9–5 × 10−7 Hz. The
length scale for the binary pulsar Shapiro delay corresponds to the
sum of the minimum impact parameter with an inclination of
89.3° (∼9800 km) and the effect of lensing (∼600 km) of the
double binary pulsar PSR J0737-3039 [130].

M L

GW150914 [1,4,5] 65.3M⊙ 190–1300 km
GW151226 [2,5] 21.7M⊙ 64–900 km
Pulsar timing arrays [131] 106–109M⊙ 109.6–1012 km
Bin. pulsar (Shapiro delay) [130] 1.34M⊙ 1.04×104 km
Bin. pulsar (orbital decay) [129] 2.59M⊙ 8.7 × 105km
LAGEOS [123] 1M⊕ 1.9R⊕

Lunar laser ranging [132] 1M⊕ 3.8×105 km
Cassini [124] 1M⊙ 1.6R⊙
Pericenter precession of Mercury
[7,133]

1M⊙ 5.8×107 km

9The LVC was unable to precisely extract the individual spin
components of each BH binary prior to coalescence for either
event nor the spin parameter combination that characterizes the
amount of precession [2,4,5,136].

YUNES, YAGI, and PRETORIUS PHYSICAL REVIEW D 94, 084002 (2016)
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Yunes, Yagi, Pretorius, 2016 
[c.f., Psaltis, LRR, 2008]

重力波の強み
強い重力場かつ相対論的動的領域に肉薄できる

曲率半径

重力ポテンシャル

GR的
効果
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重力波を使った重力理論の検証

・重力子の質量

・LIGO-Virgoによる研究

・重力波の伝搬速度

・重力波の偏極モード

・双重力モデルにおける重力子振動

・GRからのずれ

・我々の研究

・将来, KAGRAの寄与が期待される研究
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 Parametrized post-Einsteinian フレームワーク 
[Yunes & Pretorius, PRD 2009]

5

A. Amplitude corrections

First, we consider the ppE deviations in the amplitude,
in which the ppE parameters α and a are treated as in-
dependent parameters. The waveform, by setting β = 0
in Eq. (4), is given as

h̃ = h̃GR[1 + αua]. (18)

In this work, we first estimate the detectable region for
ppE amplitude corrections α as a function of powers of
frequency a using the Vallisneri’s method.
Figure 1 shows the detectable regions of the ppE

amplitude corrections to the waveforms, in (a, α), for
BNS. Marks/lines correspond to the distance to the
source DL = 218 Mpc [circle/dotted (red)], 50 Mpc [tri-
angle/dashed (green)], and 10 Mpc [square/dot-dashed
(blue)]. Region above each mark/line is the regions in
which the ppE corrections are detectable. Shaded re-
gions are detectable region for an extremely loud event
at DL = 10 Mpc. GW constraints becomes weaker as
powers of frequency a (or PN-order) becomes larger. At
a = 0, GW cannot distinguish deviations from GR wave-
forms because the resulting correction would be degen-
erate with an arbitrary constant in the amplitude. Solid
line (black) is current bounds from binary pulsar obser-
vations of orbital period decay due to GW emission for
the binary pulsar PSR J0737-3039[34]. Region above this
solid line is already excluded, and GW constraints can be
stronger than those of binary pulsar bounds at a = 1 only
for an extremely loud event.
SNR value is different at each case on (a, α), and is also

dependent of DL for fixed component masses. SNRreq

value is different at each case on (a, α), and but is not
dependent of DL for fixed component masses.
We demonstrate dependence of our results on compo-

nent masses for NSBH with (1.4 M⊙, 15 M⊙) [Fig. 3],
low-mass BBH with (8 M⊙, 15 M⊙) [Fig. 4], and high-
mass BBH with (30 M⊙, 30 M⊙) [Fig. 5].
SNR and the horizon distance increase as component

masses increase. But FF decreases as component masses
increase at each (a, α). Therefore, GW constraints be-
come weaker as component masses increase.

B. Phase corrections

Next, we consider the ppE deviations in the phase, in
which the ppE parameters β and b are treated as inde-
pendent parameters. The waveform, by setting α = 0 in
Eq. (4), is given as

h̃ = h̃GR exp[iβub]. (19)

Here, b is related to PN-order as (b + 5)/2-PN. In this
work, we first estimate the detectable region for ppE
phase corrections β as a function of PN-order (or powers
of frequency b) using the Vallisneri’s method.

FIG. 1. Detectable regions, where SNR > SNRreq > 8.0 is
satisfied, on ppE parameters (a, α), for BNS. Region above
each mark/line is detectable region for different distance to
the source. Shaded regions are detectable region for an ex-
tremely loud event at DL = 10 Mpc. Here, the detection
efficiency is set to PE = 1/2, and the false-alarm probability
is set to PF = 10−4. Solid line is bounds from binary pulsar
observations of orbital period decay due to GW emission for
PSR J0737-3039. Regions below this bounds have been not
yet excluded.

Figure 2 shows the detectable regions of the ppE cor-
rections to the GR waveforms in the phase, in |β| as a
function of PN-order, for BNS.

Marks/lines correspond to the distance to the source
DL = 218 Mpc [circle/dotted (red)], 50 Mpc [trian-
gle/dashed (green)], and 10 Mpc [square/dot-dashed
(blue)]. Region above each mark/line is the regions in
which the ppE corrections are detectable. Shaded re-
gions are detectable region for an extremely loud event at
DL = 10 Mpc. GW constraints becomes weaker as PN-
order becomes higher. At b = 0, GW cannot distinguish
deviations from GR waveforms because the resulting cor-
rection would be degenerate with an arbitrary constant
in the phase. Solid line (black) is current bounds from
binary pulsar observations of orbital period decay due to
GW emission for the binary pulsar PSR J0737-3039[34].
Region above this solid line is already excluded, and GW
constraints can be stronger than those of binary pulsar
bounds at higher PN-order for any events.

SNR value is the same as that of GR for phase correc-
tions, is not dependent of (b, β), and is dependent of DL

for fixed component masses. SNRreq value is different at
each case on (b, β), and but is not dependent of DL for
fixed component masses.

We demonstrate dependence of our results on compo-
nent masses for NSBH with (1.4 M⊙, 15 M⊙) [Fig. 6],

3

II. GW

the energy balance law

Ėb = −LGW (2)

where the orbital binding energy Ėb and the GW luminosity LGW.
The main observable for GW observation with the laser-interferometer is the response function, which describes

how a GW laser-interferometer reacts to an input GW. Here we focus on the quasicircular inspiral phase of GWs
from CCB systems. The Fourier transform of the response function in the stationary-phase approximation [? ] in
GR is simply h̃GR = F+h̃GR

+ + F×h̃GR
× , where F+, × are beam-pattern functions, and h̃GR

+, × are the plus and cross
GW polarizations1. This is the restricted inspiral waveform, which is given as

h̃GR = AGRe
iΨGR , (3)

where the amplitude AGR (up to Newtonian order) and the phase function ΨGR are given as a function of the inspiral
reduced frequency u := (πMf)1/3,

AGR = AM5/6

DL
u−7/2, (4)

and

ΨGR =2πftc − Φc +
7∑

k=0

[
ψk + ψlog

k log(u)
]
uk−5, (5)

where A is the constant determined by the sky location, the coefficients ψk and ψlog
k depend on the component masses

m1, m2 in GR. For simplicity, we consider nonspinning binaries. The chirp mass M := (m1m2)3/5/(m1+m2)1/5, the
symmetric mass ratio η = m1m2/(m1 +m2)2, the luminosity distance to the source DL, the coalescence time tc, the
phase at the coalescence Φc, and the GW frequency f ,

h̃ = h̃GR [1 + αiu
ai ] exp[iβju

bj ]

u := (πMf)1/3,

Matched filter

ρ = (d, ĥ) = 2

∫ ∞

−∞
df

d̃(f)ĥ∗(f)

Sn(f)
(6)

1 For simplicity, we do not consider additional polarizations, which are discussed in the context of the extended ppE framework in [? ].

6

tions the deviations from GR waveform are detectable us-
ing an advanced generation detectors. KAGRA will give
stronger constraints on deviation from GR than those of
Solar System Experiments and Binary Pulsar Observa-
tions.

implications for GW data analysis Our results will
be useful priors for the parameters searched over when
one implements the ppE framework in a data analysis
pipeline against detected GW events in the near future.

comments on the relation between these non-GR mod-
els and specific models Brans-Dicke, Massive Graviton,
Chern-Simons.

In almost all of these specific models, both ppE param-
eters α and β depend on the mass ratio of the system.
But we ignore mass-dependency of ppE parameters. Our
results are corresponding to conservative bound. If we
estimate the detectability for a specify model, detectable
regions increase. It is difficult to determine these depen-
dencies with a single detection.

physical meaning of ppE parameters

future work In this paper, we fixed the distance to the
source when we calculated the FF. In the real data anal-
ysis, it is possible to determine the distance as well as
the direction to the source and the inclination angle by
using a network of GW detectors. Even in that case, it
would be very helpful if electromagnetic follow-up obser-
vations could determine the distance by identifying the
host galaxy. Also, we have not included the spins of the
stars in the binaries. If the spin precession effect ex-
ists, there will be an amplitude modulation due to the
spin precession effect. Such modulation will be mixed

with the modification caused by the ppE effects, and the
waveform will become more complicated. In such a case,
the results in this paper may be changed. Since the spin
may not be neglected for black holes, it is important to
investigate the effects of spin. We plan to investigate it
in the future.

ppE for ringdown phase
extended ppE
We will parametrize gravitational waveforms with

physical parameters.
extended ppE: toward more realistic parametrization,

in many modified gravity models, corresponding ppE pa-
rameters, such as α and β, depend on binary masses.
Therefore, ppE parameters depending on binary masses.

If we consider future detectors such as Einstein Tele-
scope [43], eLISA/NGO [44], or DECIGO/BBO [45–47],
it will be possible to constrain another region because it
will be possible to detect GWs from coalescing binaries at
much larger distance, and at a different frequency region.
We also plan to investigate such cases in the future.

h̃GR(f) = AGRe
iΨGR(f)

AGR(f) = Au−7/2 [1 + · · · ]

ΨGR = 2πftc − φc −
π

4
+

3

128
u−5

×
{
1 +

7∑

k=2

[
ψk + ψlog

k log(u)
]
η−k/5uk

}
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The ppE !!!

I. INTRODUCTION

The second-generation laser interferometers such as
Advanced LIGO [1], Advanced Virgo [2], and KAGRA [3,
4], will be in full operation within a few years. These
detectors are sensitive to gravitational waves (GWs) in
the frequency band between 10 and ∼ 1000 Hz. The in-
spiral of a coalescing compact binary (CCB) system is
one of the most promising sources for these detectors.
These detectors will be able to see CCB systems, com-
posed of neutron stars and/or stellar-mass black holes
(BHs), within 200− 1000 Mpc. GW observations of the
inspiral signals from CCB systems can be a powerful tool
to probe strong-field, dynamical aspects of gravity the-
ories [5]. One of the science targets of these projects is
to test the correctness of general relativity (GR) through
comparison of observed gravitational waveforms with the
prediction.
The ppE !!!
To evaluate the parameter estimation accuracy, the

Fisher matrix has often been used [11, 12]. Many
works [13? ? , 14] have been done to study the pos-
sibility to test the modified propagation of GWs due to
the graviton mass by using the Fisher matrix. Bayesian
hypothesis testing is also useful for model selection in the
GW data analysis [15]. Recently, Vallisneri [16] has in-
troduced a simple method to test modified gravity within
the framework of the Bayesian hypothesis testing. In this
method, one can compute the odds ratio from the fit-
ting factor between the general relativistic and modified
gravity’s waveforms. More recently, Del Pozzo et al. [17]
have compared the prediction from Vallisneri’s approxi-
mate formula against an exact numerical calculation of
the Bayes factor. They found that the approximate for-
mula recovers the numerical result with good accuracy.
In this paper, we explore the detectability of the devi-

ation from GR waveforms with the ppE formalism. We
consider nonspinning binary systems consisting of binary
neutron stars (BNS) with 1.4−1.4M⊙, as well as neutron
star−black hole binaries (NSBH) with 1.4 − 10M⊙ and
binary black holes (BBH) with 10 − 10M⊙. We assume
the noise power spectrum density of advanced LIGO that
is called Zero Det, High Power [18]. We take the lowest
frequency to be flow =20Hz.

∗ Email: narikawat@gwv.hep.osaka-cu.ac.jp
† Email: tagoshi@sci.osaka-cu.ac.jp

The remainder of this paper is organized as follows. In
Sec ??, we discuss the detectability of the deviation from
GR waveforms with the ppE formalism. Section ?? is
devoted to summary and conclusions.

II. THE PPE FORMALISM

In this section, we briefly review the ppE formalism.
Here we discuss only the inspiral phase of gravitational

waves from CCB systems. By using the stationary phase
approximation, the observed signal in the frequency do-
main is given as 1

h̃(f) = A(f)eiΦ(f) (1 + αppEu
appE) exp[iβppEu

bppE ] ,(1)

where the GR component hGR(f) = A(f)eiΦ(f) corrected
by ppE amplitude and phase functions with parameters
(αppE, appE,βppE, bppE). Here the amplitude A(f) (up
to Newtonian order) and the phase function Φ(f) (up to
3.5PN order) are given as

A(f) =

√
5π

24

M2

(8πM2
G)

2DL
y−7/6, (2)

Φ(f) ≡ 2πftc − Φc − π/4 +
3

128
y−5/3

{
1 +

+

(
3715

756
+

55

9
η

)
η−2/5y2/3 − 16πη−3/5y

+

(
15 293 365

508 032
+

27 145

504
η +

3085

72
η2
)
η−4/5y4/3

+

(
38 645

756
− 65

9
η

)[
1 + ln

(
y

yISCO

)]
πη−1y5/3

+

[
11 583 231 236 531

4 694 215 680
− 640

3
π2 − 6848

21
γE

−6848

63
ln(64η−3/5y) +

(
−15 737 765 635

3 048 192

+
2255

12
π2

)
η +

76 055

1728
η2 − 127 825

1296
η3
]
η−6/5y2

+

(
77 096 675

254 016
+

378 515

1512
η − 74 045

756
η2
)
πη−7/5y7/3

}
,

(3)

(4)

1 For simplicity, we assume a signal from a face-on binary system
at the zenith.

[Yunes & Siemens, LRR 2013; See Yunes, Yagi, Pretorius, 2016]

u=(πMcf)1/3
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5.3.4.2 The simplest ppE model

One of the main disadvantages of the post-Newtonian template family in Eq. (204) is that it is not
rooted on a theoretical understanding of modified gravity theories. To alleviate this problem, Yunes
and Pretorius [467] re-considered the quasi-circular inspiral of compact objects. They proposed
a more general ppE template family through generic deformations of the ` = 2 harmonic of the
response function in Fourier space :

h̃
(`=2)

ppE,insp,1

= h̃GR (1 + ↵
ppE

uappE) ei�ppEu

bppE
, (205)

where now (↵
ppE

, a
ppE

,�
ppE

, b
ppE

) are all free parameters to be fitted by the data, in addition
to the usual system parameters. This waveform family reproduces all predictions from known
modified gravity theories: when (↵

ppE

,�
ppE

) = (0, 0), the waveform reduces exactly to GR, while
for other parameters one reproduces the modified gravity predictions of Table 3.

Table 3: Parameters that define the deformation of the response function in a variety of modified gravity
theories. The notation · means that a value for this parameter is irrelevant, as its amplitude is zero.

Theory ↵
ppE

a
ppE

�
ppE

b
ppE

Jordan–Fierz–
Brans–Dicke

� 5

96

S

2

!BD
⌘2/5 �2 � 5

3584

S

2

!BD
⌘2/5 �7

Dissipative
Einstein-Dilaton-
Gauss–Bonnet
Gravity

0 · � 5

7168

⇣
3

⌘�18/5�2
m

�7

Massive Graviton 0 · � ⇡

2
DMc

�

2
g(1+z)

�3

Lorentz Violation 0 · � ⇡

2��LV

(1��LV)

D�LV

�

2��LV
LV

M
1��LV
c

(1+z)

1��LV
�3�

LV

� 3

G(t) Theory � 5

512

ĠM
c

�8 � 25

65536

Ġ
c

M
c

�13

Extra Dimensions · · � 75

2554344

dM

dt

⌘�4(3 � 26⌘ + 24⌘2) �13

Non-Dynamical
Chern–Simons
Gravity

↵
PV

3 �
PV

6

Dynamical Chern–
Simons Gravity

0 · �
dCS

�1

In Table 3, recall that S is the di↵erence in the square of the sensitivities and !
BD

is the Brans–
Dicke coupling parameter (see Section 5.2.1; we have here neglected the scalar mode), ⇣

3

is the
coupling parameter in Einstein-Dilaton-Gauss–Bonnet theory (see Section 5.2.2), where we have
here included both the dissipative and the conservative corrections, D is a certain distance measure
and �

g

is the Compton wavelength of the graviton (see Section 5.3.1), �
LV

is a distance scale at
which Lorentz-violation becomes important and �

LV

is the graviton momentum exponent in the
deformation of the dispersion relation (see Section 5.3.1), Ġ

c

is the value of the time derivative of
Newton’s constant at coalescence and dM/dt is the mass loss due to enhanced Hawking radiation
in extra-dimensional scenarios (see Section 5.3.2), �

dCS

is given in Eq. (157) and (↵
PV

,�
PV

) are
given in Eqs. (198) and (199) of Section 5.3.3.

Although there are only a few modified gravity theories where the leading-order post-Newtonian
correction to the Fourier transform of the response function can be parameterized by post-Newtonian
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FIG. 7. The 90% credible upper bounds on deviations in the PN
coefficients, from GW150914 and GW151226. Also shown are
joint upper bounds from the two detections; the main contributor
is GW151226, which had many more inspiral cycles in band than
GW150914. At 1 PN order and higher the joint bounds are slightly
looser than the ones from GW151226 alone; this is due to the large
offsets in the posteriors for GW150914.

[41]. For convenience we list them again: (i) {d ĵ0, . . . ,d ĵ7}6

and {d ĵ5l ,d ĵ6l} for the PN coefficients (where the last two
multiply a term of the form f g log f ), (ii) intermediate-regime
parameters {d b̂2,d b̂3}, and (iii) merger-ringdown parameters
{d â2,d â3,d â4}.7

In our analyses we let each one of the d p̂i in turn vary
freely while all others are fixed to their general relativity val-
ues, d p̂ j = 0 for j 6= i. These tests model general relativ-
ity violations that would occur predominantly at a particu-
lar PN order (or in the case of the intermediate and merger-
ringdown parameters, a specific power of frequency in the rel-
evant regime), although together they can capture deviations
that are measurably present at more than one order.8

Given more than one detection of BBH mergers, posterior
distributions for the d p̂i can be combined to yield stronger
constraints. In Fig. 6 we show the posteriors from GW150914,
generated with final instrumental calibration, and GW151226
by themselves, as well as joint posteriors from the two events
together. We do not present similar results for the candidate
LVT151012 since it is not as confident a detection as the oth-
ers; furthermore, its smaller detection SNR means that its con-
tribution to the overall posteriors is insignificant.

6 This includes a 0.5PN testing parameter d ĵ1; since j1 is identically zero in
general relativity, we let d ĵ1 be an absolute rather than a relative deviation.

7 We do not consider parameters that are degenerate with the reference time
or the reference phase, nor the late-inspiral parameters d ŝi (for which the
uncertainty on the calibration can be almost as large as the measurement
uncertainty).

8 In [41], for completeness we had also shown results from analyses where
the parameters in each of the regimes (i)-(iii) are allowed to vary simulta-
neously; however, these tests return wide and uninformative posteriors.

For GW150914, the testing parameters for the PN coeffi-
cients, d ĵi and d ĵil , showed moderately significant (2–2.5s )
deviations from their general relativity values of zero [41]. By
contrast, the posteriors of GW151226 tend to be centered on
the general relativity value. As a result, the offsets of the com-
bined posteriors are smaller. Moreover, the joint posteriors
are considerably tighter, with a 1-s spread as small as 0.07
for deviations in the 1.5PN parameter j3, which encapsulates
the leading-order effects of the dynamical self-interaction of
spacetime geometry (the “tail” effect) [137] as well as spin-
orbit interaction [66, 138, 139].

In Fig. 7, we show the 90% credible upper bounds on
the magnitude of the fractional deviations in PN coefficients,
|d ĵi|, which are affected by both the offsets and widths of
the posterior density functions for the d ĵi. We show bounds
for GW150914 and GW151226 individually, as well as the
joint upper bounds resulting from the combined posterior den-
sity functions of the two events. Not surprisingly, the quality
of the joint bounds is mainly due to GW151226, because of
the larger number of inspiral cycles in the detectors’ sensitive
frequency band. Note how at high PN order the combined
bounds are slightly looser than the ones from GW151226
alone; this is because of the large offsets in the posteriors from
GW150914.

Next we consider the intermediate-regime coefficients d b̂i,
which pertain to the transition between inspiral and merger–
ringdown. For GW151226, this stage is well inside the sensi-
tive part of the detectors’ frequency band. Returning to Fig. 6,
we see that the measurements for GW151226 are of compa-
rable quality to GW150914, and the combined posteriors im-
prove on the ones from either detection by itself.

Last, we look at the merger-ringdown parameters d âi. For
GW150914, this regime corresponded to frequencies of f 2
[130,300] Hz, while for GW151226 it occurred at f & 400 Hz.
As expected, the posteriors from GW151226 are not very in-
formative for these parameters, and the combined posteriors
are essentially determined by those of GW150914.

In summary, GW151226 makes its most important contri-
bution to the combined posteriors in the PN inspiral regime,
where both offsets and statistical uncertainties have signif-
icantly decreased over the ones from GW150914, in some
cases to the ⇠ 10% level.

An inspiral-merger-ringdown consistency test as performed
on GW150914 in [41] is not meaningful for GW151226, since
very little of the signal is observed in the post-merger phase.
Likewise, the SNR of GW151226 is too low to allow for an
analysis of residuals after subtraction of the most probable
waveform. Finally, in [41], GW150914 was used to place a
lower bound on the graviton Compton wavelength of 1013 km.
Combining information from the two signals does not signif-
icantly improve on this; an updated bound must await further
observations.

VI. BINARY BLACK HOLE MERGER RATES

The observations reported here enable us to constrain the
rate of BBH coalescences in the local Universe more precisely

LIGOイベントを使ったGRからのずれの検証

ポスト・ニュートニアン展開パラメータを用いて, GRのからのずれに
上限が与えられた.

Walter Del Pozzo GWPAW 2017, Annecy, France

Parametrised tests of GR
• GW waveforms are expressed in terms of effective series, 

for the Phenom family: 

• Modified theories of gravity change the series (e.g. PPE: 
Yunes & Pretorius, arXiv:0909.3328, Cornish+,arXiv:
1105.2088) 

• Perturb the GW phase around GR (Li+,arXiv:1110.0530, 
Agathos+,arXiv:1311.0420) 

• Bound violations by computing posterior distributions for 
the        in concert with the physical parameters of the 
system
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重力子の質量への制限
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Propagation tests: massive gravity

• Families of alternative theories modify the 
propagation of GW (see Samajdar’s talk) 

• Massive gravity (e.g. Will, arXiv:9709011) 

• GW phase affected 

• GW constrains gravitons Compton 
wavelength
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�g � 1013km (90%)

・重力波位相への影響
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Class. Quantum Grav. 30 (2013) 123001 Topical Review

Figure 1. Schematic diagram of the evolution of compact binary coalescences. The frequency
of the emitted GW is indicated for the different stages. NS–NS inspirals are observable for a
few seconds to minutes. Upon the merger of the NSs, a binary with total mass Mbinary ! 3 M⊙
promptly collapses into a BH. For non-equal-mass binaries, the forming BH will be surrounded by
an accretion disc. NS–NS binaries with total mass MNS,max < Mbinary < 3 M⊙ (where MNS,max is
the mass limit of non-rotating NSs) form a hypermassive NS with strong differential rotation, which
assumes a non-axisymmetric ellipsoid shape. The hypermassive NS survives for milliseconds to a
second, eventually collapsing into a BH, potentially with an accretion disc. Very low mass NS–NS
binaries (Mbinary < MNS,max) can leave a stable NS behind. For BH–NS binaries, after an inspiral
phase observable for seconds to minutes, the NS either gets tidally disrupted (if tidal disruption at
radius Rtidal occurs before, the NS could reach the ISCO at RISCO) or it plunges into the BH (if
Rtidal < RISCO). Tidal disruption results in a BH with an accretion disc, while no accretion disc
forms upon plunge. This merger phase, along with the ringdown of the BH after plunge, lasts for
milliseconds.

system can (slightly) affect the orbital period (and therefore the gravitational waveform) in the
late inspiral phase [53–57]. Further, general relativistic spin–spin or spin–orbit coupling can
cause the binary’s orbital plane to precess, affecting the binary’s evolution and GW emission
[58–60].

Nevertheless, the dominant features of the GW signal from the inspiral phase are captured
by neglecting the spins and internal structure of the binary elements. As the objects spiral
together, their orbital frequency increases producing a GW signal that sweeps upward
in frequency. About ∼15 min before the merger, the GW from the inspiral of an NS–
NS binary begins to sweep upward from ∼10 Hz through the band of Earth-based GW
interferometers. The effective amplitude heff ≡ f |h̃( f )| of the GW signal from a binary system
decreases as heff ∝ f −1/6 [61], up to a mass-dependent cut-off frequency fcut ∼ 1 − 3 kHz
[62, 63, 61]. The frequency ranges !1 kHz and 1–3 kHz are traditionally considered the
inspiral and early-merger phases, respectively. For f ! fcut, the merger retains a binary-like
structure and consequently emits relatively strong GWs [61].

Advanced detectors will be able to detect an NS–NS inspiral up to Dh ∼ 450 Mpc, while
NS–BH inspirals will be detectable up to Dh ∼ 950 Mpc [46] (the distances are given for

4

連星中性子星合体: GW170817/GRB170817

Figure 2. Timeline of the discovery of GW170817, GRB 170817A, SSS17a/AT 2017gfo, and the follow-up observations are shown by messenger and wavelength
relative to the time tc of the gravitational-wave event. Two types of information are shown for each band/messenger. First, the shaded dashes represent the times when
information was reported in a GCN Circular. The names of the relevant instruments, facilities, or observing teams are collected at the beginning of the row. Second,
representative observations (see Table 1) in each band are shown as solid circles with their areas approximately scaled by brightness; the solid lines indicate when the
source was detectable by at least one telescope. Magnification insets give a picture of the first detections in the gravitational-wave, gamma-ray, optical, X-ray, and
radio bands. They are respectively illustrated by the combined spectrogram of the signals received by LIGO-Hanford and LIGO-Livingston (see Section 2.1), the
Fermi-GBM and INTEGRAL/SPI-ACS lightcurves matched in time resolution and phase (see Section 2.2), 1 5×1 5 postage stamps extracted from the initial six
observations of SSS17a/AT 2017gfo and four early spectra taken with the SALT (at tc+1.2 days; Buckley et al. 2017; McCully et al. 2017b), ESO-NTT (at
tc+1.4 days; Smartt et al. 2017), the SOAR 4 m telescope (at tc+1.4 days; Nicholl et al. 2017d), and ESO-VLT-XShooter (at tc+2.4 days; Smartt et al. 2017) as
described in Section 2.3, and the first X-ray and radio detections of the same source by Chandra (see Section 3.3) and JVLA (see Section 3.4). In order to show
representative spectral energy distributions, each spectrum is normalized to its maximum and shifted arbitrarily along the linear y-axis (no absolute scale). The high
background in the SALT spectrum below 4500Å prevents the identification of spectral features in this band (for details McCully et al. 2017b).

4

The Astrophysical Journal Letters, 848:L12 (59pp), 2017 October 20 Abbott et al.
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重力波の伝搬速度
・GWとEMの到着時間の差

D/vGW-D/vEM=Δt=1.7秒

・GWとEMの伝搬速度の差
vGW-vEM=:Δv

・GWとEMは同時に放出されたが, GWが1.7秒速かった→上限 
・GWが10秒先に放出されたが, EMに1.7秒差まで追い上げられた→下限

4.1$Speed$of$Gravity

8

�v = vGW � vEM
�v

vEM
=

vEM�t

D

D=26$Mpc)#5 (D�� �/*�����+5$18conservative$constraint)

v_{GW}-��9GW)EM���,
� 6$�7GW���$1Δt��"$
v_{GW}-��9GW�Δt342%)��EM34
� 6$�7EM-����$1

EM��!��&�$8��(.10���)#5
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星取表？

色々な理論に抵触するらしい（パラメータ？）

2017/11/15 KAGRA論文レビュー 33

Ezquiaga-Zumalacarregui 1710.05901

修正重力理論の制限へのインパクト
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2

• GW170817 rules out the covariant Galileon, a cos-
mologically viable DE model with ⇤ = 0 (Sec. IV).
The results can be extended to quartic and quin-
tic Horndeski, most theories beyond Horndeski and
many vector theories like TeVeS (Sec. VI).

• Only simple Horndeski and some select beyond
Horndeski combinations remain as viable alterna-
tives for DE model building (Sec. V, App. C).
Fine-tuned theories can realistically avoid the con-
straints only if the cancellations have the same ten-
sor structure at the covariant level (App. B).

II. GW170817 AND ITS COUNTERPARTS

On August 17, 2017 the LIGO-VIRGO collaboration
detected the first BNS merger, GW170817 [1]. This event
was followed-up by a short gamma ray burst (sGRB),
GRB170817A, seen just 1.74 ± 0.05s later by Fermi and
the International Gamma-Ray Astrophysics Laboratory
[2]. Subsequent observations across the electromagnetic
spectrum further confirmed the discovery [3].

Each of these events provide complementary informa-
tion about the BNS merger. The GW signal serves to
weight the NS, which are in the range 0.86 � 2.26M�,
and to measure the luminosity distance, dL = 40+8

�14

Mpc.
The EM counterparts uniquely identify the host galaxy,
NGC4993. Note however that these parameters of the
binary are subject to the fiducial cosmology (chosen to
be Planck 2015 ⇤CDM [9]). Additional gravitational de-
grees of freedom modifying the GWs propagation may
a↵ect these values as we discuss in the next section and
in Appendix A.

Combining this information and given the knowledge
of the arrival time of both the GW and sGRB, a severe
bound on the speed of GWs can be placed [2]

�3 · 10�15  cg/c � 1  6 · 10�16 , (1)

which is many orders of magnitude more stringent than
the one measured on Earth with GWs detections alone
[25]. For simplicity, we will use a symmetric bound
|cg/c � 1|  4.5 · 10�16 in the rest of the paper. We
will benefit from this result to strongly constrain dark
energy models.

III. GRAVITATIONAL WAVE PROPAGATION
IN SCALAR-TENSOR GRAVITY

E↵ects on the propagation of GWs are a hallmark of
scalar-tensor theories of gravity. The evolution of lin-
ear, transverse-traceless perturbations over a cosmologi-
cal background

ḧij + (3 + ↵M )Hḣij + (1 + ↵T )k
2hij = 0 , (2)

is fully characterized by two functions of time:

t

r��))
�

}�t
gµ⌫qµq⌫ = 0

Gµ⌫kµk⌫ = 0

FIG. 1: Anomalous GW speed. Gravitational waves propa-
gate on an e↵ective metric Gµ⌫ (blue) with a di↵erent causal
structure than the physical metric gµ⌫ (red) [29] (see also

[30]). The speed is derived as cg(~k) = !(~k)/|~k| where

kµ = (!,~k) is the solution to Gµ⌫kµk⌫ = 0. Note that the
speed can depend on the propagation direction. It may also
depend on the frequency (e.g. massive gravity), but this is
not the case for scalar-tensor gravity (see Eq. (2)).

• The tensor speed excess, ↵T , modifies the propa-
gation speed of GWs c2g = 1 + ↵T and hence the
causal structure for this type of signal.

• The running of the e↵ective Planck mass, ↵M ⌘
d log(M2

⇤ )/d log(a), modulates the friction term
caused by the universe’s expansion, which can en-
hance or suppress the cosmological damping of the
signal.

The above relation is general enough to describe any
scalar-tensor theory.1 These functions depend on the
theory parameters and the cosmological dynamics of the
scalar field. The explicit expressions are given for Horn-
deski gravity in ref. [26], and beyond Horndeski for
GLPV in ref. [27] and Degenerate Higher-Order Scalar-
Tensor theories in ref. [28].
The appearance of an anomalous speed, ↵T 6= 0, can be

understood in terms of an e↵ective geometry for the ten-
sor perturbations, with a di↵erent causal structure than
the metric field gµ⌫ [29] (see Fig. 1). The metric asso-
ciated to this e↵ective geometry Gµ⌫ can be computed

1 Any interaction between the scalar and tensor perturbation re-
quires a background operator with a transverse-traceless tensor
structure, which is not compatible with the symmetries of the
FRW spacetime. A mass term m2

ghij is only possible if the theory
contains additional degrees of freedom, as is the case of massive
gravity and bigravity (recall a massive graviton has 2s + 1 = 5
helicity states, of which only one behaves as a scalar in the high
energy limit).



双重力モデルにおける重力子振動の制限

重力波イベントの実データを使って,  
重力理論の具体的なモデルを制限する.

TN, H. Tagoshi, T. Tanaka, T. Nakamura,  
J. Veitch, W. Del Pozzo, A. Vecchio
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Massive gravity: history

Yes? No?

Simple question: Can graviton have mass?
May lead to acceleration without dark energy

[向山さんのスライド]
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de Rham-Gabadadze-Tolley有質量重力モデル
dRGTは有質量重力の安定なラグランジアンをみつけた.

双重力モデル [Hassan & Rosen 2012 JHEP1202,126]

physical sector hidden sector coupling term matter

L =
M2

G

2

p
�gR(g)+

M2
G

2

p
�g̃R̃(g̃)�m2M2

G

p
�gV (

p
g�1g̃) +

p
�gLm

dRGT有質量重力モデルに基づき,  gを動的に昇進.~
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"普通の"質量ゼロの重力子に加えて, "隠れた"有質量の重力子がある. 
("隠れた"重力子は"普通"の重力子と相互作用し, 重力を通してその影響を調べられる.)

双重力モデル

重力子振動 ニュートリノ振動のように, ２種類の重力子が伝播中に状態間を振動.

特徴的物理量：重力子質量 µ (うなりの振動数を決定する) 
　　　　　　重力定数の補正 κξc2 (混合角 θgを決定する)

双重力モデルのおける重力子振動

h(f) = A(f)ei�(f)
h
B1e

i��1(f) +B2e
i��2(f)

i
GR 重力子振動による補正

hGR δhBimetric

シンプルなパラメータ化(ppE)ではカバーするのが難しいクラスの波形.

De Felice, Nakamura, Tanaka (DFNT), PTEP 2014. 
TN et al., PRD 91, 062007 (2015).
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h(f) = A(f)ei�(f)
h
B1e

i��1(f) +B2e
i��2(f)

i

��1,2 = �µDL

p
c̃� 1

2
p
2x

 
1 + x⌥

s

1 + x

2 + 2x
1� ⇠

2
c

1 + ⇠

2
c

!
位相補正: ��i(f ;µ,⇠

2
c , DL)

重力子振動の特徴的ふるまいとパラメータ

特徴的パラメータ 
・重力子の有効質量: μ 
・重力定数の修正: κξc2

B1 = cos ✓g(cos ✓g +
p
⇠c sin ✓g)

B2 = sin ✓g(sin ✓g �
p
⇠c cos ✓g)

振幅補正: Bi(f ; ✓g(µ,⇠
2
c ), ⇢gal)

特徴的ふるまい

混合の度合い
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fpeak∝µ2ρgal-1/2(1+κξc2)-1/2

重力子振動の重力波波形
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位相補正
振幅補正

h(f) = A(f)ei�(f)
h
B1e

i��1(f) +B2e
i��2(f)

i



log(μ2) [cm-2]

log(κξc2)

位相
補正

振幅
補正

TN et al., PRD 91, 
062007 (2015).

予想: 重力子振動の検出可能性

重力定数の修正

重力子の有効質量

重力子振動が地上レーザー干渉計で検出可能であることを示した. 
重力子質量に強い上限を与えられる可能性を示した.

現在, 実データ解析を
実施中.
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"観測された" 重力波波形 SNR 
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振幅
補正

位相
補正
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重力子の有効質量
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重力子振動への制限
GW150914 に対する, 双重力モデルとGRのベイズ因子

➢ GW150914はパラメータ空間全体にわたって, 双重力モデル            
よりもGRをより好む. 大負値の領域は棄却



SNRが大きいイベントほど, 振幅補正への制限が強い.

双重力モデルとGRのベイズ因子
重力子振動の制限

GW150914 GW151226 GW170814

➢ 3イベントは, 全パラメータ空間にわたって, 双重力モデル 
よりもGRをより好む. 大負値の領域は棄却

波形が長くてSNRが大きいイベントほど, 位相補正への制限が
強い.

Loudest Longer 3 detectors
振幅

補正位相
補正

振幅
補正位相
補正
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補正

位相
補正
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KAGRAの期待される寄与
・位置推定の向上 
・全天カバー率の向上 
・偏極モードの分離

LIGO-3rd Observation run (O3)参加に向けて 
「KAGRAがサイエンスの成果を挙げられる感度はどれくらいか?」 
取り組み中.
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BNS (1.4,1.4), 200Mpc, 軌道傾斜角 i=30°

Design-HL

event 10

Design-HLV

HLがもっと得意な位置

SNR=20.2 
43.6 deg2

Design-HLVK SNR=19.5 
7.19 deg2

位置推定の向上

Inclination cos(θJN)

SNR=18.2 
446.4 deg2

-1     -0.5     0       0.5     1

250      
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全天カバー率の向上WITH KAGRA

• LIGO 200 Mpc

• Virgo 120 Mpc

• KAGRA 160 Mpc

• Assume 80% duty cycle

• 0.3-300 BNS signals per 
year

Face on BNS @ 160 MPc

90% confidence regions

26
Fairhurst's slide (2012)

位置推定が難しい天球位置がある(❌). ほとんどの天球位置がカバーできる.

43

LIGO-VIRGO AT DESIGN

• LIGO 200 Mpc

• Virgo 120 Mpc

• Assume 80% duty cycles

• 0.2 - 200 BNS signals per 
year

Face on BNS @ 160 MPc

90% confidence regions

18

連星中性子星, Face on @160Mpc



(1)-1: これまでの研究より明らかとなった課題とこれからの研究
申請者はこれまでの研究により、宇宙物理学における重要課題である宇宙の加速膨張の起源を動機として修正重

力モデルを静的で弱い重力場において観測的に制限してきた。その結果得られた「宇宙論的スケールの観測は宇宙
項モデルと無矛盾であり重力理論の修正は強く制限される」という知見を踏まえ、来る重力波検出器の国際ネット
ワークによって新たに得られる強い重力場の情報は天体物理学および重力理論研究を飛躍的に発展することが可
能になると考えた。そこで、本研究では重力波源の形成史を解明し、一般相対性理論を超える新物理学を探究する
ためのデータ解析手法の考案に重点を置く。

(1)-2: 研究の背景
今後、LIGOの２台に加え、Virgo（2016年参加）、KAGRA（2018年参加）、LIGO-India（2020年頃

参加）の複数台の国際ネットワーク体制が開始する。感度は現在に比べ数倍となり、検出される重力波波形のシグ
ナル-ノイズ比が向上し、検出イベント数が増え、重力波源の位置推定が約 10平方度の精度になることが期待され
る。既存の解析パイプラインでは位置推定への系統誤差バイアスの影響が無視できないことが深刻になる。また、初
検出イベントGW150914は約 30太陽質量の連星ブラックホールの合体から放出された。重い連星の形成史として
複数のモデルが議論されている。電磁波対応現象観測体制J-GEM [1]との情報交換から本研究の着想に至った。
一般に修正重力モデルには重力波の余剰偏極モードが現れる（図 6）。これらのモード分解には、モードと同数

の検出器が必要であるが、国際ネットワークによってはじめて、実行可能になる。また、ブラックホールの生成に
おけるエネルギースケールでは、場の量子効果が現れる [2]。グレードアップした重力波観測データが得られる時、
データ解析の工夫によって、これらの新物理学を引き出す解析方法を考案すべきである、という経緯である。
参考文献

[1] T. Morokuma et al., J-GEM, arXiv:1605.03216 [astro-ph.SR].

[2] D. Yoshida and J. Soda, Phys. Rev. D 93, no. 4, 044024 (2016) [arXiv:1512.05865 [gr-qc]].

成川達也

1⃝-1 研究目的
本研究では、重力波検出器の国際ネットワーク時代における(A) コンパクト連星合体の形成史の解明

および (B) 強い重力場における新物理学の探究の２つを目的とする。

重力波検出器

オンライン探査

オフライン探査

パラメータ推定

遅延時間 数秒～数分 数日 数週間

低遅延トリガー

高速位置推定

　　

重力波 短ガンマ線 
バースト?

データ解析の流れ

コンパクト連星合体の理論シナリオ

速報

電磁波対応現象観測体制

X線増光 マクロノヴァ 
(可視光・赤外線)

オフライントリガー

候補イベント

銀河分布との相関 
余剰偏極モード分解 
リングダウン解析

インスパイラル 
合体 

リングダウン

図 5: 上部がコンパクト連星合体の理論シナリオ。下部
がデータ解析の流れ。

図 6: 一般の修正重力モデルにおける重力波の 6つの偏
極モード。(a)(b)テンソルモードと、余剰モードである
(c)(d)スカラーモードと (e)(f)ベクトルモード。

KAGRAが必須となる科学的成果. 
重力理論への新しい質の検証.

偏極モード(+,×)の検証には4台以上の望遠鏡が必要.

テンソル　　　　 スカラー　　　　ベクトル

重力波の偏極モード
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・重力波を使った重力理論の検証は, はじまったばかり. 
・SNRの大きいイベントが待たれる. 
・イベント数が増えると, 統計的議論が進む. 
・KAGRAの寄与が期待される.

まとめ
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・コンパクト連星合体から放出される重力波 
・重力波データ解析：パラメータ推定 
・重力波を使った重力理論の検証 

- LIGO-Virgoの研究 
- 我々の研究：重力子振動の検証 

・将来展望：KAGRAの期待される寄与



補足スライド
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Based on Maggiore's text

5つの未知パラメータ: 
- h+(t), h×(t) 
- 波源の天球位置を表す角度 (θ, φ) 
- 偏極角 ψ 

観測で得られる量 
- 1台望遠鏡の場合, h(t)のみ. 
- 2台望遠鏡の場合, h1(t), h2(t), τ12 
- 3台望遠鏡の場合, h1(t), h2(t), h3(t), τ12, τ23 

しかし, 2台のLIGO望遠鏡はほとんど平行に作られたので, ほぼ同じ偏極の
情報しか得られない. よって, 4台目のKAGRAが重要.

偏極の分離は距離-軌道傾斜角の縮退を改善する: 
 h+ ∝ (1+(cos i)2 ) / (2 dL),    h× ∝ (cos i) / dL

h(t)=F+(θ,φ;ψ)h+(t)+F×(θ,φ;ψ)h×(t)

重力波の偏極モード
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